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1.0  INTRODUCTION 


The  beam  breakup  instability  is  a  serious  issue  for  high  current,  electron  beam, 
induction  accelerators.  The  instability  degraded  beam  quality  somewhat  in  the 
Experimental  Test  Accelerator  (ETA)  at  Lawrence  Livermore  National  Laboratory 
(LLNL).^  Knowledge  gained  from  ETA  experiments  allowed  developers  of  the  Advanced 
Test  Accelerator  (ATA)  to  optimize  the  induction  modules  for  reduced  instability.* 
Nonetheless,  beam  breakup  growth  was  so  great  in  this  long  accelerator  that  ion-focused 
transport  had  to  be  added  to  minimize  current  loss.*’^  Even  now,  emittance  growth 
remains  a  problem. 

The  beam  breakup  instability  arises  from  the  interaction  of  the  electron  beam  with 
its  own  transverse  (m  =  1)  wake  fields,  reflected  by  discontinuities  in  the  accelerator  drift 
tube  wall.^  Standing  waves  excited  in  the  radial  feed  lines  of  the  acceleration  modules  are 
the  major  source  of  beam  breakup  in  high  current  induction  accelerators,  although 
reflections  from  pumping  ports,  diagnostics,  and  the  like  should  not  be  ignored.  The 
image  displacement  instability,  which  is  caused  by  interruption  of  the  beam  image 
current  in  the  drift  tube  wall,®  can  be  viewed  as  the  low  frequency  limit  of  the  beam 
breakup  instability. 

The  beam  breakup  instability  is  particularly  worrisome  for  recently  proposed 
compact  induction  accelerators,  such  as  the  Spiral  Line  Induction  Accelerator,*  because 
the  instability  growth  rate  increases  with  decreasing  drift  tube  radius.  The  Extual 
variation  of  the  growth  rate  with  drift  tube  radius,  6,  and  acceleration  gap  width,  d,  hzis 
been  uncertain,  however.  A  careful  study  of  ATA  gap  impedances  predicts  d/6*  scaling 
but  is  valid  only  for  d/6  <  1.*  On  the  other  hand,  the  image  displacement  instability 
growth  rate  is  known  to  scale  as  d/6*  only  for  d/6  <  1,  and  as  1/6  for  d/6  >  1.®’® 

This  report  extends  the  radial  line  impedance  analysis  to  arbitrary  gap  width  and 
arbitrary  instability  frequency.  Our  principal  finding  is  encouraging.  Generally  speaking, 
the  transverse  wake  potential  due  to  a  radial  line  scales  only  as  1/6  for  wide  gaps.  The 
combination  of  high  voltage  per  gap,  acconunodated  by  the  1/6  scaling,  and  heavy  gap 
damping  appears  to  reduce  beam  breakup  growth  significantly  for  compact  accelerator 
designs.*®  The  variation  of  transverse  impedance  with  gap  width  is  not  simple,  however. 


because  electromagnetic  modes  in  the  radial  line  shift  greatly  in  frequency  and  strength 
as  d  increases.  Another  interesting  result  is  that  potentially  dangerous  modes  can  exist  at 
frequencies  up  to  the  TMin  cutoff  and  not  just  up  to  the  TEi„  cutoff,  as  one  might  have 
supposed.  Weakly  damped  modes  trapped  in  the  mouth  of  the  line  also  were  discovered. 

The  outline  of  this  report  is  as  follows.  The  derivation  of  the  transverse  wake 
potential  equations  for  a  radial  line  with  a  lumped  impedance  termination  is  summarized 
in  Chapter  2.  Then,  numerical  solutions  are  compared  in  different  limiting  cases  with 
published  results  from  earlier  papers  to  establish  the  validity  of  the  extensive  algebra 
involved.  Chapter  3  contains  a  wealth  of  numerical  results  demonstrating  the  scaling  of 
the  wake  potential  with  gap  width,  depth,  and  termination  load.  Although  variations 
about  the  standard  ATA  radial  line  model  are  emphasized,  a  few  shallow,  weaJdy  loaded, 
wall  indentations  also  are  treated  to  shed  additional  light  on  high-Q  modes  trapped  in 
cavity  entrances  and  small  ports.  Conclusions  are  drawn  in  Chapter  4. 
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2.0  DERIVATION  OF  THE  WAKE  POTENTIAL 


# 


The  wake  potential  is  defined  as  the  time-integrated  force  on  a  particle  in  an 
accelerator  due  to  the  electromagnetic  fields  of  another  particle  preceding  it  by  a  time  t. 
Thus,  the  wake  potential  is  the  temporal  Green’s  function  for  the  net  force  of  the  beam 
acting  upon  itself,  evaluated  in  the  paraixial  and  long  betatron-wavelength 
approximations.  Here  we  are  interested  only  in  the  m  =  1  transverse  component  of  the 
wake  potential,  which  gives  rise  to  the  beam  breakup  instability.  The  m  =  0  longitudinal 
wake  potential,  on  the  other  hand,  characterizes  beam  loading  of  the  acceleration  gaps. 

It  also  causes  axial  beam  bunching  in,  for  instance,  klystrons. 

Formally,  the  wake  potential  associated  with  a  gap  in  the  drift  tube  wall  is  obtained 
analytically  by  matching  the  vector  Green’s  function  for  electromagnetic  fields  in  the 
cavity  behind  the  gap  to  the  vector  Green’s  function  for  the  smooth  drift  tube,  using  the 
current  of  the  first  particle  as  the  source  term  and  integrating  the  resulting  fields  along 
the  trajectory  of  the  second  particle  following  it.  This  approach  works  in  practice  only 
for  geometries  sufficiently  simple  that  the  cavity  Green’s  function  can  be  expanded  in 
known  normal  modes.  Otherwise,  the  wake  potential  must  be  determined  numerically 
with  multidimensional  electromagnetic  field  solvers. The  relative  merits  of  various 
techniques  are  discussed  in  Reference  12. 

The  model  considered  for  the  radial  feed  line  in  an  induction  accelerator  (ATA,  in 
particular)  is  a  simple  radial  line  terminated  by  a  lumped  impedance  Z,.  See  Figure  1, 
which  shows  the  drift  tube  of  radius  b  and  the  radial  line  of  width  d  and  depth  R.  The 
magnitude  of  the  terminating  impedance  is  normalized  to  the  impedance  of  free  space. 
Even  in  this  simple  configuration  the  algebra  required  to  obtain  the  wake  potential  is 
substantial.  However,  since  it  roughly  follows  the  analyses  used  in  earlier  studies,^’^’'®  the 
calculation  is  presented  here  only  in  outline  form.  The  reader  is  referred  particularly  to 
Reference  13,  which  derives  the  longitudinal  and  trzmsverse  potentials  for  radial  lines  of 
arbitrary  width  with  Z,  =  0. 

For  simplicity  all  calculations  are  performed  in  the  frequency  domain.  Further,  the 
beam  particles  are  assumed  to  move  at  the  speed  of  light,  a  good  approximation  in  most 
electron  accelerators.  The  fields  of  a  point  charge  traveling  axially  in  the  smooth  drift 
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tube  are,  in  this  limit,  purely  transverse.  The  m  =  1  fields  for  a  particle  of  unit  charge 
and  unit  displacement  from  the  axis  are  given  by 


Er  =  B,  =  (6-*  +  r-*) 

(1) 

Eg  =  -Br  =  i  (6-*  -  r-*) 

(2) 

where  w  is  the  standard  frequency  variable. 

The  vacuum  fields  in  both  the  drift  tube  and  the  radial  line  are  expressed 
conveniently  in  TM  and  TE  modes.  In  the  drift  tube. 
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with  =  w*  —  k^.  The  transverse  field  components  are  obtained  from  Equations  3  and  4 
in  the  usual  fashion.^'* 
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Likewise,  in  the  radial  line, 


F  F  f  -^EJijqnr) 


(9) 


B  =  TB  a 

n  ”  ”?«  (yi(7r.b)  -y3BJi(9„6)) 


(10) 


with  q\  =  ijj^  —  k\.  Note  that  =  nTr/d,  with  n  a  non-negative  integer,  is  distinct  from 
k,  which  is  continuous. 


/n  = 


n  =  0 


'-cos knZ  , 


n  >  0 


(11) 


9n  — 


-  sin  knZ 
d 


(12) 


The  corresponding  transverse  field  components  are 
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The  coefficients  Pe  and  Pb  are  chosen  so  that  EtjBg  =  Z,  for  the  TM  mode,  and 
E$lBx  =  Za  for  the  TE  mode,  at  r  =  /2. 

m 
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(17) 
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# 

Ji  and  Yi  are  Bessel  functions  of  order  1.*® 
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The  wake  potential  is  related  to  E,  in  the  drift  tube  by*’** 

W  =  ^  f  <it~rE,e“‘"* 
tuj  J  r  dr 

(19) 

• 

evaluated  at  the  trajectory  of  the  second  particle.  If  we  assume  r  C  6,  this  can  be 
written  on  the  basis  of  Equation  3  as*® 

i 

• 

2  /■<* 

lUO  Jo 

(20) 

• 

1 

Ee  and  Br  in  the  two  regions  are  continuous  across  the  mouth  of  the  radial  line  and  '■ 

zero  elsewhere  on  the  surface  r  =  6.  Therefore,  we  can  relate  Ek  and  Bk  to  En  and  Bn  by 
multiplying  Equations  6,  7,  14,  and  15,  evaluated  at  r  =  6,  by  exp(— tfcz),  integrating  over  i 

all  ^,  and  combining  the  corresponding  results.  The  particle  fields.  Equation  2,  do  not 
contribute. 

• 

7 

+  knBn  +  jEn  /  dzfn^ 
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(22) 


Er  and  Bi,  on  the  other  hand,  are  continuous  across  the  mouth  of  the  radial  line  but 
unspecified  elsewhere  on  the  surface  r  =  6.  Consequently,  we  multiply  Equations  1,  5, 
and  13  by  /„,  multiply  Equations  1,  8,  and  16  by  gn>  integrate  over  0  <  z  <  d,  and 
combine  corresponding  results  to  obtain  a  second  pair  of  relations  between  fields  in  the 
two  regions. 
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The  integrals  are  given  by 
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and  their  complex  conjugates. 
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The  desired  expression  for  the  wake  potential  is  obtained  ed'ter  much  algebra  by 
combining  Equations  20-24  and  performing  the  k  integrations  by  contour  methods.*’*® 
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where  En  and  Bn,  now  renormalized,  are  given  by  the  system  of  equations. 
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(29) 


The  sums  on  m  are  over  even  or  odd  non-negative  integers  only,  depending  on  whether  n 
is  even  or  odd.  e„i  is  -  for  m  =  0  and  1  otherwise.  qEj  and  qs,}  are  the  zeroes  of  Ji(qb) 

£t 

and  Ji{qb),  respectively;  x*  =  9>  —  w*.  When  x*  <  0,  i.e.,  for  drift  tube  modes  above 
cutoff,  choose  the  negative  branch  of  the  square  root  function  to  assure  only  outgoing 
waves  at  infinity. 
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We  also  have  derived  the  wake  potential  from  a  somewhat  different  representation 
of  the  fields,  based  on  E,  and  Et,  and  slightly  different  matching  conditions.  Equivalent 
formulas  were  obtained,  as  expected. 

Equations  27-29  are  solved  numerically  using  the  BBU  computer  program,  written 
for  this  purpose.  Keeping  ten  terms  in  each  of  the  sums  typically  is  sufficient  for  a 
relative  accuracy  of  better  than  10“®.  The  two  complex  matrices,  n  even  and  odd, 
representing  Equations  28  and  29  are  inverted  using  the  LINPACK  routine  CGEFS.^^ 
Wake  potentials  from  BBU  can  be  written  to  a  file  for  use  in  the  accelerator  transport 
computer  program  BALFFT.^°  Alternatively,  dominant  peaks  in  the  wake  potential  can 
be  fit  to  the  single  resonance  model,*’® 


W 


u)^  —  (jJq  —  iu)  u)q/Q 


(30) 


for  comparison  with  theory.  In  Equation  30  ujq,  Z±,  and  Q  are  the  frequency,  transverse 
impedance,  and  quality  factor  of  the  resonant  mode  in  the  radial  line.  A  1024-point  BBU 
calculation  requires  about  one  minute  on  a  CRAY-XMP  computer. 

Before  surveying  the  dependence  of  the  wake  potential  on  radial  line  parameters,  we 
demonstrate  the  accuracy  of  the  BBU  code  and  the  analysis  leading  to  it  by  comparing 
our  numerical  results  with  those  of  References  2  and  18.  Figure  2  is  the  wake  potential 
(multiplied  by  6)  from  BBU  for  d/6  =  0.34,  R/b  =  3.6,  and  Z,  =  2.  The  plot  extends  to 
u)b/c  =  3.83,  the  TM  cutoff  in  the  drift  tube.  W  •  6  generally  is  much  smaller  at  higher 
frequencies.  The  wake  potential  in  its  usual  units  of  ohm/cm  is  obtained  by  multiplying 
by  30  and  dividing  by  6  in  cm.  Because  d/6  <  1,  we  expect  Figure  2b  to  agree  well  with 
Figure  7  of  Reference  2,  which  it  does.  When  making  the  comparison,  note  that  the 
Reference  2  figure  has  a  different  normalization  and  extends  only  to  1.84,  the  TE  cutoff. 
Our  Figure  3  represents  vastly  different  parameters,  d/6  =  0.05,  R/b  =  1.1,  and  Z,  =  0. 
Agreement  with  Figure  6  of  Reference  18  is  excellent.  Elsewhere,  results  from  BBU  and 
the  time-domain  computer  program  ANDY  were  compared.*®  They  agreed  to  within  the 
accuracy  of  the  latter  code. 
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FIGURE  2.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/b  =  3.6,  d/b  =  0.34,  AND 
Z,  =  2. 


12 


3.0  NUMERICAL  RESULTS 


This  section  is  largely  a  survey  of  BBU  results  for  pwameters  centered  about 
nominal  ATA  values:  djb  =  0.34,  R/b  =  3.6,  and  Z,  «  2-3.  The  survey  provides  the 
bcisis  for  a  number  of  useful  observations. 

1.  The  qualitative  scaling  of  W  with  d  and  b  switches  from  d/b^  to  1/6  as  d/6  is 
increased  above  unity.  Consequently,  wide,  high  voltage  lines  should  result  in  less 
instability  than  narrow,  low  voltage  lines. 

2.  The  quantitative  scaling  of  W  with  large  d/6  is  complicated  by  the  presence  of 
additional  modes  in  the  radial  line.  Weakly  damped  modes  trapped  in  the  mouth 
of  the  radial  line  also  appear  for  d/6  fs  1  and  certain  larger  values. 

3.  Dangerous  modes  in  radial  lines  can  occur  at  any  frequency  up  to  the  m  =  1  TM 
cutoff  of  the  wave  guide.  Typically,  the  most  serious  modes  have  frequencies  just 
below  the  TE  cutoff. 

4.  The  wake  potential  is  minimized  by  choosing  Zt  «  1. 

We  begin  by  varying  the  line  termination  impedance.  Figures  4,  5,  6,  2,  and  7 
depict  W  •  6  for  Z,  =  0.1, 0.5, 1.0, 2.0,  and  10.0.  Z,  of  zero  or  infinity  corresponds  to 
vanishing  of  the  tangential  electric  field  or  its  normal  derivative  at  r  =  iZ.  There  is  no 
energy  dissipation  below  the  TE  cutoff  in  these  two  limits,  and  Im{W  •  6)  is  identically 
zero  there.  Resonance  frequencies  are  well  approximated  by  the  mode  frequencies  of  a 
pill-box  cavity  with  corresponding  radial  boundetry  condition.  As  Z,  is  moved  toward 
unity,  the  resonant  frequencies  are  relatively  unchanged  while  mode  damping  grows.  The 
minimum  transverse  impedance  is  achieved  for  Z,  «  1,  where  modes  are  so  heavily 
tlamped  that  they  become  indistinct.  Although  a  Z,  =  1  line  termination  is  not 
equivalent  to  a  transmission  line  radiating  into  free  space,  the  corresponding  wake 
potentials  are  similar.*® 

Since  Z,  =  1  appears  to  be  optimal,  we  next  vary  d/6  while  keeping  the  line 
termination  impedance  fixed  at  that  value.  R/b  remains  equal  to  3.6  for  now.  Wake 
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FIGURE  4.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/b  =  3.6,  djb  =  0.34,  AND 
Z,  =  0.1. 
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FIGURE  5.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/6  =  3.6,  <f/6  =  0.34,  AND 
Z,  =  0.5. 
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FIGURE  6.  REAL  (a)  AND  IMAGINARY 
POTENTIAL  FOR  RADIAL 
Z,  =  1.0, 
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FIGURE  7.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/6  =  3.6,  <i/6  =  0.34,  AND 
Z,  =  10.0. 
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potentials  for  d-Jb  =  0.1, 0.5, 1.0, 2.0,  and  5.0  are  shown  in  Figures  8,  9,  10,  11,  and  12.  See 
also  Figure  6  for  djb  —  0.34.  VF  •  6  is  nearly  constant  in  shape  for  dfh  <  0.5  but  increase 
in  magnitude  linearly  as  d/b.  This  corroborates  the  small  d/b  scaling  of  Reference  2. 

Even  without  the  poorly  resolved  narrow  mode  dominating  Re{W  •  6)  in  Figure  10,  a 
departure  from  linear  scaling  is  beginning  to  be  evident  for  d/b  =  1.0.  The  Im{W  •  6), 
although  similar  in  shape  between  djb  =  0.5  and  1.0,  increases  only  by  a  factor  of  1.6. 
The  narrow  mode  in  Figure  10a  is  discussed  further  in  a  subsequent  paragraph. 

Still  another  new  feature  arises  for  djb  =  2.0,  Figure  11.  The  prominent  mode  near 
wft/c  =  1.6  is  the  lowest  frequency  wave  in  the  radial  line  with  axially  varying  i.e., 
n  =  1  in  Equations  27-29.  By  analogy  with  a  metallic  pill-box  cavity,  such  modes  occur 
for  uib/c  >  irb/d.  As  will  be  more  apparent  from  later  figures,  the  new  resonance  happens 
to  lie  in  the  frequency  range  where  transverse  impedances  tend  to  be  large.  The  mode  is 
dangerous,  therefore.  If  the  resonance  is  ignored,  however,  the  continuing  trend  of  ever 
weaker  variation  of  IV  •  6  with  d/b  is  evident.  The  trend  continues  in  Figure  12, 
d/b  =  5.0,  despite  the  presence  of  several  new  modes.  Although  resonances  appear  and 
disappear  as  d/b  is  increased,  the  average  magnitude  of  the  wake  potential  remains  more 
or  less  constant.  This  is  particularly  evident  at  low  frequencies. 

The  lessened  dependence  of  the  wake  potential  on  d/b  for  d/b  >  1  has  at  least  two 
causes.  Just  as  in  the  image  displacement  instability,®’*  the  m  =  1  electromagnetic  fields 
causing  the  beam  breakup  instability  are  concentrated  near  the  corners  of  the  gap  for 
d/b  >  1.  (Specifically,  fields  vary  as  rapidly  as  where  i  is  the  distance  from  a 

corner.^®)  As  a  result,  increasing  d/b  does  not  enhance  the  total  force  on  the  beam  as 
much  for  d/b  large.  A  second  ameliorating  factor  is  the  transit-time  effect.  A  beam 
particle  traversing  a  sufficiently  wide  gap  samples  a  reinge  of  phases  of  the  m  =  1  forces, 
which  tend  to  cancel  as  a  result.  The  term  [l  —  (— l)'*cosu;d]6/d  represents  the 
transit-time  effect  in  Equation  27.  It  first  has  a  strong  influence  on  the  wake  potential  at 
frequencies  near  the  TE  cutoff  for  d/b  ^  1.7. 

Before  investigating  the  scaling  of  IV  •  6  with  R/b,  we  remark  further  on  the  sharp 
resonance  appearing  in  Figure  10a  and,  to  a  lesser  extent,  other  plots.  The  resonance  is 
due  to  a  wave  localized  to  the  mouth  of  the  radial  line.  Physically,  it  is  somewhat 
analogous  to  an  electromagnetic  wave  trapped  in  a  short  dielectric  liner  inside  a  metal 
tube.  Its  impedance  is  small,  because  its  effective  volume  is  limited.  On  the  other  hand. 
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FIGURE  8.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/b  =  3.6,  d/b  =  0.1,  AND 
Z,  =  1. 
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FIGURE  9.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/b  =  3.6,  d/b  =  0.5,  AND 
Z.  =  l. 
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FIGURE  10.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  Rjb  =  3.6,  djb  =  1.0,  AND 
Z,  =  1. 
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FIGURE  12.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  Rjh  =  3.6,  djb  =  5.0,  AND 
Z,  =  1. 
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the  wave  is  essentially  undamped,  because  it  is  just  below  the  TE  cutoff  and  also  does 
not  penetrate  far  enough  into  the  radial  line  to  interact  with  the  termination  impedance. 
In  other  words,  changing  Z,  has  negligible  effect.  Mathematically,  the  resonance  arises 
from  the  vanishing  of  the  overall  determinant  of  Equations  28-29  and  not  from  an 
approximate  singularity  in  a  single  term.  Just  how  narrow  the  resonance  is  can  be  seen 
from  Figure  13,  which  still  has  inadequate  resolution. 

The  primary  consequence  of  increasing  i2/6  is  to  reduce  the  frequency  spacing  of 
modes  in  the  radial  line.  It  also  increases  the  magnitude  of  the  wake  potential  slightly 
until  Rjb  exceeds  about  five.  This  latter  effect  is  visible  but  small  in  Figure  14,  JZ/6  =  10 
when  compared  with  Figure  9,  both  with  Z,  =  1.  Thus,  the  length  of  the  radial  line  is 
unimportant  for  an  optimal  cermination  impedance.  The  observation  made  above  that 
the  mode  with  highest  transverse  impedance  usually  lies  just  below  the  TE  cutoff  is  well 
illustrated  in  Figure  15  for  Rfb  =  \Q  and  Z,  =  0.1.  The  wake  potential  curve  becomes 
very  complicated  for  large  Rjb  and  large  djb  but  still  follows  the  general  trends  already 
enumerated. 

Some  more  complicated  induction  module  designs  have  an  enlarged  drift  tube 
radius  where  the  transmission  line  enters.  Although  complex  gap  geometries  can  be 
treated  correctly  only  with  finite-difference  field  solvers,  some  insight  into  those  modes 
due  to  the  expanded  drift  tube  itself  can  be  obtained  from  the  present  analysis. 

Figure  16  is  the  wake  potential  of  a  short,  shallow,  expanded  region  with  d/b  —  1.0  and 
Rfb  =  1.5.  A  weak  resistivity,  Z,  =  10“^  is  applied  to  the  wall  at  r  =  i?.  Once  again,  the 
mode  occurring  in  the  mouth  of  the  gap  is  present  just  below  the  TE  cutoff.  A  heavily 
damped,  probably  predominantly  TE,  mode  can  be  seen  near  wb/c  =  2.6.  Many  more 
modes  are  introduced  by  extending  the  length  of  the  expanded  region.  See  Figure  17  for 
d/b  =  10.  Of  course,  transverse  impedances  and,  in  some  cases,  Q's  are  reduced  by 
employing  a  less  abrupt  change  in  drift  tube  radius.  On  general  grounds  we  expect  that 
impedances  should  decrease  by  a  factor  of  order  c/wAz  when  the  drift  tube  radius 
changes  smoothly  over  a  distance  Az.  Nonetheless,  more  detailed  computations  indicate 
that  residuzJ  transverse  impedances  are  not  necessarily  negligible. 

Implicit  in  our  analysis  is  the  assumption  that  waves  above  cutoff  in  the  drift  tube 
propagate  only  away  from  the  radial  line.  Real  induction  accelerators,  of  course,  have 
many  radial  feed  lines,  and  power  radiated  from  one  may  couple  to  another.  Henke  has 
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FIGURE  14.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  R/6  =  10.0,  (i/6  =  0.5,  AND 
Z,  =  1. 
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FIGURE  16.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  SHALLOW  RADIAL  LINE  WITH  R/b  =  1.5, 
d/6  =  1.0,  AND  Z,  =  O.OOI. 
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FIGURE  17.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  SHALLOW  RADIAL  LINE  WITH  i2/6  =  1.5, 
djh  =  10,  AND  Z,  =  0.001. 
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attempted  to  address  this  issue  by  evaluating  the  overall  wake  potential  of  a  regularly 
spaced  set  of  radial  lines. However,  his  analysis  is  appropriate  only  for  many  lines  per 
betatron  wavelength,  which  is  not  the  case  in  high  current  electron  devices. 

We  have  used  the  admittedly  artificial  approach  of  reversing  the  sign  of  the  drift 
tube  power  flow  (i.e.,  using  the  positive  branch  of  the  square  root  function  when 
determining  complex  Xi  in  Equations  28  and  29)  to  obtain  a  qualitative  estimate  of  the 
change  in  wake  potential  due  to  electromagnetic  waves  traveling  from  one  gap  to  the 
next.  Little  difference  is  observed  for  heavily  loaded  lines  with  Z,  «  1,  probably  because 
little  energy  is  available  for  radiation  into  the  drift  tube.  Enhancement  of  the  wake 
potential  does  occur  for  large  and  small  Zt,  however,  especially  at  frequencies  between 
the  TE  and  TM  cutoffs.  Figure  18  compares  wake  potentials  with  oppositely  directed 
energy  flow  for  d/h  =  0.1,  R/b  =  3.6,  and  Zg  =  10.  Resonances  above  the  TE  cutoff, 
while  significantly  strengthened,  still  are  smaller  than  the  resonance  just  below  the 
cutoff.  It  is  possible  to  find  worse  cases,  where  Im[W  •  6)  actually  becomes  negative, 
perhaps  implying  absolute  instability.  However,  for  most  parameters  examined  the 
increased  transverse  impedance  does  not  seem  serious.  If  m  =  1  electromagnetic  coupling 
of  radial  lines  does  prove  to  be  an  issue,  assuring  that  the  beam  wave  (i.e.,  betatron) 
phase  change  from  gap  to  gap  is  different  by  s’/2  or  so  from  the  electromagnetic  wave 
phase  change  should  greatly  ameliorate  any  problems. 
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FIGURE  18.  REAL  (a)  AND  IMAGINARY  (b)  PARTS  OF  NORMALIZED  WAKE 
POTENTIAL  FOR  RADIAL  LINE  WITH  Rjb  =  3.6,  djb  =  0.1,  AND 
Z,  =  10.  DASHED  CURVES  INDICATE  THE  EFFECT  OF 
REVERSING  THE  DIRECTION  OF  ENERGY  FLOW  IN  THE  DRIFT 
TUBE. 
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4.0  CONCLUSIONS 


The  formula  for  the  transverse  wake  potential  cissociated  with  a  radial  line  of 
arbitrary  width  terminated  by  a  lumped  impedance  hcis  been  derived  and  evaluated 
numerically  for  many  sets  of  parameter  similar  to  those  of  ATA.  Several  of  the 
conclusions  inferred  from  the  numerical  survey  are  listed  at  the  beginning  of  Chapter  3. 
Most  important  is  the  finding  that  the  wake  potential  scales  roughly  cis  1/6  for  d/6  >  1 
instead  of  d/6^,  the  narrow  gap  result.  This  new  scaling  may  largely  solve  the  beam 
breakup  instability  problem  for  compact  induction  accelerators,  if  pulse  power 
considerations  permit  wide,  well  damped,  high  voltage  radial  lines.  For  instance,  a 
100  iMeV  Spiral  Line  Induction  Accelerator^  design  with  /  =  10  kA,  =  10  kG, 

6  =  3  cm,  and  50  2-MeV  lines  with  Z,  =  1  and  d/6  =  8/3  is  predicted  to  have  only  about 
three  e-foldings  of  the  bearr'.  breakup  and  image  displacement  instabilities  combined. 

The  reduction  of  beam  breakup  growth  with  gap  width  is  not  monotonic,  however. 
Additional  modes  develop  In  the  radial  line  as  d/6  is  increased.  Several  of  the  figures 
presented  above  show  a  low  impedance,  high  Q  mode  at  w6/c  »  1.8  for  d/6  »  1.  Still 
more  new  modes  appear  for  ub/c  >  irb/d,  and  their  effect  on  beam  breakup  can  be 
catcistrophic.  For  instance,  if  the  50  2-MeV,  d/b  =  8/3  lines  of  the  preceding  example  are 
replaced  by  100  1-MeV,  d/6  =  4/3  lines,  instability  growth  jumps  by  two  orders  of 
magnitude  due  to  such  a  weakly  damped  resonance.^®  It  is  important,  therefore,  to 
carefully  analyze  and  then  perform  cold  tests  on  proposed  radial  line  designs  to  assure 
that  strong  resonances  are  avoided. 

It  is  worth  remarking  that  Z,  =  1  is  not  absolutely  essential  for  beam  breakup 
suppression.  If,  instead,  the  Z,  «  2  achieved  in  ATA^  is  the  best  that  can  be  obtained  in 
practice,  then  employing  two  sets  of  radial  lines  with  interlaced  resonances  may  be 
equally  effective,  because  frequencies  that  grow  at  one  set  of  radial  lines  would  not  grow 
much  at  the  other.®  This  trick  of  using  different  sets  of  radial  lines  cannot  be  extended  to 
more  than  a  few  sets,  however,  because  the  low-Q  modes  soon  begin  to  overlap. Cost 
also  is  a  consideration. 
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